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Question 1 (a) Easiness: 3.0/5

Given the function

flz,y) = 8z /Py*/®

We can compute each of f(2z,2y) and 2f(x,y).

f(22,2y) = 8(2x)"/7(2y)*/"
— 8(2)1/5+4/5x1/5y4/5

— 1621/5y1/5

and

2f (w,y) = 2(8z"/%y*/%)
— 16.1:1/5y4/5

And so we obtain that

f(2x,2y) - Qf(xay) =0

Question 1 (b) Easiness: 4.5/5

We are asked here to compute the second derivative of the given function with respect to y. So
we start by taking the first derivative with respect to y and obtain

of 2
L — 92262 49
By (7,y) = 2ze™Y + 2y

(Remember that while doing this, we treat the variable z as if it was a constant). And now we go on for the
second derivative with respect to y and obtain

0% f B o (Of B 2
a—yQ(ﬂ%y) = 3y (8—y($,y)> = 4ze™ +2

Question 1 (c) Easiness: 2.5/5
_ For f(x,y) to have a local maximum or minimum at a point (a,b), that point needs to be a

critical point, that is

fil)(ayb) = fy(a,b) =0

For the function

flz,y) =2y — 8y — 5z
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we have the partial derivatives
fr=32%—5 and fy:m3—8

To look for critical points, we need to find points which yield a zero in both partial derivatives. Looking in
particular at the partial derivative with respect to y we observe that if

fyZO

then

and so

Taking this value of z and substituting it into the equation for the partial derivative with respect to x yields

3.22y—-5=0
SO
12y =5
or
y=>5/12

We find only one critical point,

wn-(23).

Since in order to be a relative maximum or minimum, the point must be a critical point, we have found that
the only point that may be a maximum or minimum is (2,5/12).

Continuing the Problem:

If we assume the second derivative test is applicable (sometimes it is inconclusive), we need

fma:(a/v b)fyy(aa b) - 3y(a7 b) >0

to have a relative maximum or minimum.
If we compute the second derivatives, we find

0

) = (0= 8) =0

0
fﬂcy(‘ra y) = P (3$2y - 5) = 322

ay
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and so

5
fm(a,b)f6~2-575
fyy(a,b) =0
foy(a,b) =3-2% =12

Thus,

foe(a,) fyy(a,b) — f2,(a,b) =0 —12% = —144

Since this is a negative number, this critical point is a saddle point and so the conclusion is that the critical
point is not a relative maximum or minimum and since there is only one critical point, there are no relative
maxima/minima for f(z,y).

Question 1 (d) Easiness: 4.7/5
- We can find f up to an arbitrary constant by integrating f’(x).

f@) = [(Gz +a*)da

= /(x_1/2 + 2?)dx
23
=22+ +C
3
Imposing that f(1) = 2, we must have 2+ 1/3 + C = 2 or that C' = —1/3.

The final answer is:

fla) =2va + %3 ~1/3.

Question 1 (e) Easiness: 4.3/5

_ This is simple matter of evaluating an integral. From the definition of the average value of a
function on an interval, we can write an expression for the average value of 1/x on the interval [1, e]:

1 €1

favg =

So the average value of 1/x on the interval [1,¢] is (e — 1)7L.

Question 1 (f) Easiness: 4.0/5

Free under CC-BY-NC-SA by the Math Education Resources. MATH105 April 2010


http://wiki.ubc.ca/Science:Math_Exam_Resources/Courses/MATH105/April_2010/Question_01_(d)
http://wiki.ubc.ca/Science:Math_Exam_Resources/Courses/MATH105/April_2010/Question_01_(e)
http://wiki.ubc.ca/Science:Math_Exam_Resources/Courses/MATH105/April_2010/Question_01_(f)
https://creativecommons.org/licenses/by-nc-sa/4.0/
http://www.math-education-resources.com

With n = 2 and an interval of [0, 4] we have

and

z;=0+jAr =25 forj=0,1,2
i.e. our subinterval endpoints are 0, 2 and 4.
To approximate with midpoints, we need to take sample points
zi=1 and z5=3

(these are the midpoints of xg and z1, and x; and x5 respectively).
The area under the curve is approximated by the midpoint Riemann sum, which yields

4
/0 f(@)dr ~ Ax(f() + f(z3))

:2(1+1ﬁ+ 1+1x/§>

9
1+3

Question 1 (g) Easiness: 1.0/5

- Using the disc method of integration, we know that the volume of the solid can be expressed
as follows:

m m m2
V:/ W(\/;E)de:/ rrdr = 7—.
0 0 2

We want the value of m such that the volume is equal to 27, so we solve the equation:

m2

777:271' — m = £2.

Taking the positive solution gives us our answer

Question 1 (h) Easiness: 3.7/5
_ Apply integration by substitution. Let v = In(z) (and thus, du = dz/x). Then it is a simple

matter of applying the power law of integration and making sure to substitute back to express the integral
in terms of x:
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V1
/ ;M:dx:/\/ﬁdu
2
= §u3/2 +C
= %(lngz:)?’/2 +C

where C' is an arbitary constant.

Question 1 (i) Easiness: 5.0/5

_ Use integration by parts with

u==z and dv=e**

we obtain:

2x 1
xe®® dx = re e dx
2 2

2x 1
:LZ _1621_'_0
2z — 1)e”
_Ze=l)e? 4)6 +C

where C' is a constant.

Question 1 (j)

_ As the hint suggests, we should calculate all the information we need to begin. First, we find
the width of the intervals:

We also need the endpoints of the intervals:

rE = a+ kAx,

for k = 0 to k = 3. Thus the points are -2, 0, 2, and 4. Then the formula for the Trapezoidal rule is

Ax

T, = T(f(aﬁo) +2f(x1) +2f(x2) + ... + 2f (zp—1) + f(z0)),

so we can fill in our information:

T: 2( ! +2 1 +2 1 + ! >
3= 3 )
21+ ()" (9 13 ()

N
NIV

Free under CC-BY-NC-SA by the Math Education Resources. MATH105 April 2010


http://wiki.ubc.ca/Science:Math_Exam_Resources/Courses/MATH105/April_2010/Question_01_(i)
http://wiki.ubc.ca/Science:Math_Exam_Resources/Courses/MATH105/April_2010/Question_01_(j)
https://creativecommons.org/licenses/by-nc-sa/4.0/
http://www.math-education-resources.com

_ +2 1 +2 ! + 1
141 140 141 1416’

T3

1 1
Ty=-4+241+—
3= gttty

121
Ty = — ~ 3.5588.
5= 5, ~ 35088

Notice if we actually evaluate the integral,

4 1
/ ———do = 3.8742
-1+ (3)

so we see that the trapezoidal rule with only 4 points is already in fairly good agreement.

Question 1 (k)

_ The instantaneous rate of change of capital has two components:

e We continuously add money at a rate of \$3,000 per year;
e We earn 6% interest compounded continuously.

If we denote by A(t) the balance of the account at time ¢, then we can write the differential equation

dA
7 = 3000 +6 = 3000 + 0.06 A(t)

We solve this equation using separation of variables:

/ dA B / gt
3000 + 0.06A

Solving both sides separately yields

1
G0 1113000 +0.06A] + Cy =1 + C

Since A is positive, as the amount of money in the account, we can drop the absolute value sign. This yields

In(3000 4 0.06A) = 0.06t + C3

or, equivalently

3000 + 0.06A4 = 0:06t+Cs — 0.06t.Cs — 7 o006t

C, is another arbitrary, but positive constant. Hence we obtain for A(%):

1
A — 0.06t __ .
)= 506 (Cye 3000)
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Now it’s time to think about the initial condition. Since the account does not start with any balance initially,
we know that A(0) = 0. This yields for C that

0 Cy4e® —3000) , which implies Cy = 3000.

= 506 (
With this we finally find the expression for the balance in dollars at t years:

3000

6) =505 €™ = 1)

This implies that at ¢ = 5 years the balance is

3000
( )"(106

Reality check: Without interest we would expect to see 5 © 3000 = 15 000 dollars in the account. The
amount with interest should be in the same order of magnitude and a little larger.

(e299% — 1) = 17492.94

Question 1 (1)

_ The constant k needs to be chosen such that f(z) integrates to 1:

4 4 9 4
/ ka/? dx = k/ 232 dy = k=252
1 1 5 1

2 2
:k?f“—lwﬁzkg

)

hence we choose k=5/62.

Question 1 (m) Easiness: 2.5/5

_ The cumulative distribution function, F'(z), can be obtained by integrating the probability
density function from negative infinity to x. i.e:

pxx)::t/fj () dt

(Note that we can assume that f(z) = 0if > 2 or x < 1). Applying the defintion of the cumulative
distribution to this problem gives:

[ 0dt ifz <1
F(x) =14 [*_0dt+ [T2(t —1)dt if1<z<2
Jroodt+ [o(t—1)dt+ [fodt ifx>2

Simplifying gives:

0 ife <1
Flz)=qa?-2z+1 if1<z<2
1 ifx>2
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Question 1 (n)
- From the definition of the variance we can directly compute its value.

b, 4 7\° 1
VarX:/ x—X)*f(x dx:/ (:v——) ——dx
/4 22 T ax 49 1
= —F 5=t = dx
, \2vz 3va 92n
4
_ Loap T 10 49 _1po
—/1 (235 31’ +18m dx

4
_ <12 5/2 723:3/2—1—@2951/2)

25 33 18 .
1 14 49 1 14 49
_532—38+§2—(5—§+3>
34
45

_ Alternatively, we can also use the identity

Var(X) = E(X?) — (E(X))>.

We're already given E(X) = 7/3 so we just need IE X?) = f14 22 f(x
We compute this integral, finding E(X?) = f1 Tl = fl 2x3/2dx = 1252} = 1(32-1) = 31/5.
Thus Var(X) = & — ()% = 34/45.

Question 2

ISGEUTIONY First we find the sale level 4, where D(A) = S(A):

D(A) = S(A)
42
At AT3

42 =A% +5A+6
A2 4+54-36=0
(A+9)(A—4)=0
A=-9orA=14

The sale level must be positive, so A = 4. At this sale level, the price is py = 7.
The consumer surplus is:
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A
CS = / D(z)dx — Apa
0

/4 2 =W
0

T+ 2
= 42In(z +2), - 28
= 42(In(6) — In(2)) — 28
= 421n(3) — 28
~ 18.14

The producer surplus is:

A
PSzApA—/ S(x)dx
0

4
= (4)(7) —/O (z + 3)da

=28 — (¢2/2+ 3z),
=28 — (16/2 +12)

Question 3 Easiness: 3.5/5
- First, we sketch each of the three curves to see what is the region that we are talking about.

57 y

257

X
5 2.5 0 25
A
-2.51
B

We will need to find the coordinates of points A and B which are the intersection of curves. For A we have
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2
T

= —
2 =2
mz:l:\/i

We can see from the picture that we are interested in the point with a positive x coordinate, so

A=(V2,-V?2)

For B we have

And so since y = -2/z we have

- ()

This allows us to write the desired area as the sum of 2 integrals

)

1

iif

:/O% (—z + 4y/7) dx+/ﬁ(—x+i> dx

4 vz
2 4.2 ¥ 2
[ o] ]

wwea = | T (o) — (CavE) o+ / " (0-¢2) @

)

ﬁ““
N

0 2 =+
¥z
272/3 2 2)2 272/3 2
— _% + 2(2—2/3)3/2 +0-0— @ +2In(v2) + [Chbobis 2In(27%/%)
= % —1+1In(2) + - In(2)
1 7
=—-+-1In(2
3 T3
Question 4 Easiness: 1.3/5

_ We are given that labour costs \$108 per unit and capital costs \$2 per unit, and we want to

minimize cost. Thus the objective function is

C(z,y) = 108z + 2y.
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The firm wants to produce 600 units, so using the production function we want 522/ 3y1/ 3 = 600. Thus, after
dividing both sides by 5, the constraint function is

g(z,y) = z*/3y1* — 120,

and the constraint is g(x, y) = 0.
The Lagrange multiplier method says that the gradients of the objective function and the constraint function
should be proportional, or

VCO(z,y) = AVg(z,y).

The gradient of the objective function is

VC(z,y) = (108,2).

and the gradient of the constraint function is

2 _ 1 _
VQ(‘ray) = <§I 1/3y1/37 §I2/3y 2/3>

Then we have three equations that must be satisfied
2 1313
108 = /\gx Yo,
L o3 23
2= )\gx Y ,
2?/3yt/3 —120 = 0.

Solving the second equation for A gives

= 61‘72/3y2/37

and substituting into the first equation to eliminate A gives

2
108 — 6x’2/3y2/3§x’1/3y1/3.

Simplifying, we have

108 = 4z~ 1y,

and then we solve for y to get

y =27z.

Now substituting into the third equation, the constraint equation, gives
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2?/3(272)/3 =120 = 0.

Simplifying, we have

31 = 120,

and thus

We then have that

y = 27z = 27(40) = 1080.

Therefore the cost is minimized when using 40 units of labour and 1080 units of capital.

Question 5 (a)

- At any given time, two things are happening: the owed money is growing at a rate of 5% and
the amount of money is going down at a rate of A. Therefore, we write:

dy
— =0.0by — A.
dt Y
As an initial condition, we impose that y(0) = 0.8 x 300,000 = 240,000 i.e. the amount owed is eighty

percent of the purchase price since twenty percent was initially paid.

Question 5 (b)

- From part (a), we have

dy

— =0.0by — A

dt Y )
which we will solve by separation of variables. Knowing the solution will allow us to give a condition on A
so that after 25 years, the balance owed is zero.

We notice that the equation is separable and rearrange to find

d
Y _a
0.05y — A
Now we integrate to get
/L =201n]0.05y — A|=t+C
0.05y —A TR

Therefore,
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In [0.05y — A| = ¢/20 + C/20
|0.05y — A| = !/20+C/20 — (C/20t/20

0.05y — A = Fet/?0

where F is an arbitrary constant that comes out of the integration,

+C/20

in this case.
After one last rearrangement, we see that the amount of money owed after ¢t years is

y(t) = 204 + 20Fet/?°

or

y(t) = 204 + Ge**
for another arbitary constant G.
From the initial condition, y(0) = 240000 so 204 + G = 240000 or G = 240,000 — 20A. Finally then our full
equation for the amount of money owing, y(t) is,
y(t) = (240000 — 20A4)e/2° 4+ 20 A.

Setting y(25) = 0 (which corresponds to having no money owing after 25 years) forces

(240000 — 20A)e?*/2° 4204 =0
SO

~240000e%/20 12000e%/4

= 0B 1) T A1 = 16818.61.

Therefore, the annual payments are A = \$16818.61.

_ From part (a) we have that

dy
= . —A
4 =0 05y(t)

with the initial amount of money owed being y(0) = 240000. The goal is to solve this equation for the rate of
y so that we can actually obtain the quantity we want, y(¢) which is the money owed after ¢ years. Consider
the substitution,

u(t) =0.05y — A

which implies that

Free under CC-BY-NC-SA by the Math Education Resources. MATH105 April 2010


https://creativecommons.org/licenses/by-nc-sa/4.0/
http://www.math-education-resources.com

du dy
— =0.06—.
de de

Therefore we can rewrite (and simplify) our differential equation as

du
=ru

i
which we recognize as the exponential model and so we know the solution is

u(t) = Bexp(0.05¢t)

with B an arbitrary constant. This solution can also be determined from separation of variables and inte-
gration. Putting back into our original variable, y(t), we get

_ Bexp(0.05t) + A
- 0.05

y(t)

which is our desired equation for the amount owed on the mortgage after time ¢. Using the initial condition

_B+A4

= =24
y(0) = 5 0000

we get that B = 12000 — A. Therefore we are able to write the amount of money owed solely in terms of the
annual payments, A,

) = (12000 — A) exp(0.05t) + A
v = 0.05 '

Now when ¢ = 25, we want that the mortgage is paid off, i.e., we want the amount of money we owe to be
zero. Therefore we seek that y(25) = 0. Therefore,

0= (12000 — A) exp(0.05 - 25)
B 0.05
12000 exp(0.05 - 25)

exp(0.05 - 25) — 1

= 16818.61.

Therefore, in order to pay off the mortgage in 25 years, we require that A = 16818.61. Recall that when we
started paying the mortgage at year zero we owed 80% of the value or 240 000 dollars. If we want to find out
how much we really paid, we just need to multiply our annual rate, A by 25 years to get \$420 465.25. Add
this to the \$60 000 we already paid up front then our \$300 000 dollar house has actually cost us \$480
465.25!

Question 5 (c)

In part (b) we saw that our payments totalled \$480,465.25. The house itself had a price of only
\$300,000. Therefore, the difference of \$180,465.25 represents the interest paid during the entire mortgage.

Question 6 Easiness: 1.0/5
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_ We can recognize this as the limit of a Riemann sum. Let’s first put this into summation

notation:

n—1

f(z) :JE%O; 2+ (1 +jlx—1)/n n

Note that when j = 0 this gives us the 1/3 term in the sum. We put the factor (x — 1)/n first to resemble
the general form of a (left) Riemann sum as given in Hint 3.
Ultimately, we aim to express f(z) as a definite integral i.e. something of the form

n—1

b
/a g(s)ds = nlggozog(s]') - As
J:

We choose s here for ease of notation and not overuse the x symbol.
For x fixed, we can read off an interval spacing of

Let’s rewrite the sum with As in place of (z — 1)/n:

n—1

. 1
$@) = D A A

Jj=

This is suggestive of a left-endpoint Riemann sum, since we start with j = 0 and end at j =n — 1. In that
case, we can take our subinterval endpoints to be s; = 1 4+ jAs (recall that when we do a Riemann sum, we
have subintervals with endpoints that look like s; = a+ jAs and terms of the form 1+ jAs are of this form).
Let’s rewrite this as

From here, we read off

1

9= 573

Also, since sg = 1+ 0As =1 is the lower bound and s,, = 14+ nAs = 1+ n(x —1)/n = x is the upper bound,
our final result is that

s = [ gt

Finally we can compute the equation of the tangent line to f(x) at z = 1. All we need are f(1) and f/(1).

1
ﬂUng@MZO

since we are integrating over a range of zero.
And by the Fundamental Theorem of Calculus,
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SO
Hence the equation of the tangent line is

or simply

y=%(m—1)

Good Luck for your exams!

Free under CC-BY-NC-SA by the Math Education Resources. MATH105 April 2010


https://creativecommons.org/licenses/by-nc-sa/4.0/
http://www.math-education-resources.com

	How to use this resource
	Tips for Using Previous Exams to Study: Exam Simulation

