YxeD, (TY4eL, Qi) - VzeF, Re4,) A Po)

“va

- (Vxez, (Ayez x<y NBerw)

 ~MFxe, Wy, wey pBen)




Modile & Predicate Logie.
Funclomental difference between o propositim and a prediwte

Example 4+ Ale 35 an whstructor ar UBC
Ry -

| ©

(predicare>/ propositam. 7

@ B o pedwre /(rpsitin 7

Example 2 . ler P(X,Y) be %<y

Vxez, FYeZ, PlxY)
. o @ B

— @
"

O s o Gl popeiin 7




Maia/e 5. Fedicate lﬁﬂ
TAe Lf?ms E(amp/e

(D \%xéD Loo >F{x> = V«GD LX) V(!_(x)/‘l F(><>)

,[ , ,jfﬁ zs & éfﬂ)(d‘ not & 2/077 o a ﬁme ézm
S ﬁ\;//XéD L(x)/\F(x) - | |

- Evefy Creature s a ﬁ’e/e:fe L{Z}/I |

Y HkéD Ux)/\A»C(x) S

_ Theie exists a craxtuée M/bfz ?s 2 Z/Z‘n czfzd aéesy?f- dink @Z@e

| @ ;,f:'f’fXéD l_(xy—éw(x) = EI%&D wm/(’ux)/\wmo)

= Thae exists a creature. which 75 ?@62’& Zzzm o~ A lan
o \mddoesn%dnhk Caﬁ%e - |

@lmus. .can %bemewhenal/cr&fﬁmaﬁe Lans.

~wheteas @ an be rue even F Somi creatues
afe not chms

ith Ligery , then © = rm—@-,

@ve{sasO @ 5 e os /chzo there 3 a cleatee Hat 75

ot lion. whereas @ can only be true 7F there
7s ot leest e lin. |

- af D={tyery | then @=T bt & .E‘-F o




 Module 5 1
The Alree in Wondertand example

F: set of fods, | E(x) Alie eats ﬁMQr
4 Aliee grous S5 = Alve shinks|

1, Eaﬁ_?zg | fwd’ uses Alive 1 gfzw or Shridk
el I (strictly speaking, Ws more
VXeF |, Ex)—> (g Vs) | M:amlejﬁ haje 4@S)

ey A//Ze shrank. when she ate some 1%vo/ """ [T ]]
E«QF .E(x)/\ s- 0} | |

Oﬁzer related gaa/rz‘ﬁered dfzde/ne/u‘s
O ﬂ«éF E(x)—as EEEEEN

I/us statement 3 true as /on’g +# f % ome 7”00:1 aﬁb’?
Alive does _not| edt. For exa le, ?F ot € F and

Alice does ot et cartts /ierﬂx) s 7‘&/&3) “Then “Hz?:
Statement s true. Sp s

l ?ﬂﬁf a%zvﬁmwex;s}gp C{a a)/u% Cnases /Hz‘?e 1 Sbﬂhk
C© WeE, B0 A (4Vs) |

| Ak eats evety fond dnd she gmus o S/)rmks
¥xeF, E[><)——>(@VS) |

I?E A//ce em_.a ﬁw( S/ye gmws or dr/hks




Module 5 The Lims Example

D: domain ¢t crectures LX) : X x a/bn
| F(X) : % is ferce

O V¥xeD, i) — F) .

Every Lim & frerce. (Naz“eoe@ credture. has o be ol
@ ¥xeD, L) AFRx. e p/bmsrﬁbn mEmEE

Every creature 75 @ frerce liom .

Examples : D = {)mbb/t% O=T O=F |
fiewe lom 4, fere ldn 28 @O =T GO=T
={ mbbit, nn-free limy O=F G =F
@& dxeD, L) FHX)
Thete 5 o frerce lion.
@ HAxeD, L) —> Fx).
- If there B a lion, # must ke Perce
Examples - D= mbbftzl O =F O“’T
D=1 rabbit-, nom—fierce 1 'Yy = @=T
D= {nzbbrb fierce my Q@ 7 @ET

Aboe @ as soon a find h D
a lim, B frue., 1 aéesags Zoiﬁ/% w/mé ?Em\
o3ts @ ere  Jom.

o e g————————— ey T — e = ————

—_—

-~ e I P T P TV T = =




D set of cractires [L): % 35 a lin
O Thete s at least gme lion.
| E/«e[) L(X)

@ \7’/xeD; \/yeD <L(><>/\ L) — x=Y
© ~(Fxed, 34eD, LOALD A A2Y)
@ (V«eD, ~ L) V(BxeD,. L A Y YeD, quxsw)

@ I 1 can find 2 Liors | X and Y, %egnmrbeﬁze same
@,iJs not e e Hhat- there exist 2 difterent livns
O EFh’qer #};efe )5 No L(m o Hae R exact/y one. Zmn

@ Thae % exactly me lLion,

® (FxeD, L) A (WaeD, VyeD, <L1><>/\L(Lj>>—>x gt) '

- ® _‘-—Me‘D L(x>/\ V@eD L<l4>—>/x Y.

@ 7}Lel~€ e at (east ’fw_a (s S

~ (\xeD , Y9yeD, LI AN LY) —> K=Y L1
-~ FxeD. FyeD, LOOANLDAx2Y. |

|
|
|




The challenge method .

Example 1 - AxeZ, Vnezt of<«n.
PFDO’IQ{ Choose x=— . Then 2X=2071==%
Consider any unspectfied postive dtgger N,
n=z( since n s « posktive legel .
o N2l>+=2% = n>2" i

Example 2 : VYne N, JxeN, n<2* (Assume IN={12,3, ..

Povf = (onsider ay anspea)ﬁea/ natural numbel N
Chovse X = log,(n+1) .
Then 2% = 98D _ pypy

oK
S n<nt) =97 7

Example 3 - dxe N, Vne N, n< 2%
This statement s false.
oot (e prove that Y/xeN, FneiN, nz2".
Consider any unspecitied natural number X
Choose 7= 2%
Tt must be that 1227

5)




Theorem : For any Mteget=n,  nin-)+3 5 odd.
In predicite logic - \ne Z, 0dd ( nin- +3)
= YneZ, Jke 2, nin-N+3= 2kt
Prot - I N O B
Consider an  unspecitred ﬁﬂ%geh n.
Lets consider Fwo. ases.
Case 11 7 is even. | |
n= 2% fr some 7hf/€g€f A
n=l = 2X—1 T? |
nin-N+3 2><(z><—;)+5 27;(2x—1)+2+{
|= 2(x(zx—f>+/)+/ o
Thus, nin- 1)+3 LS‘OOU because. fx(zx—f)+ 75m7}11€gg/\
Case 0+ Nis odd. |
n= 2%+l ﬁr@ome ﬁr@fr/x |
N = 2K +]— /*“2% I |
nn—) +3 = {2x+/)(22<>+3 *27((2x+/>+2+/ ]
“’2(7<{z7<—r/>+l>+/ ]
Thuts, nin-n+3 s odo? becmse X(zx+i>+ s an mgeﬁ-

L %.
| |
|

RED. .



Thevrem = The poduct of hree cmsecutive frtegers /s Qvisible
by 6.
In predzczcz‘e og)?: Vnez Dsthe Byé( 0 (n+1>(n+23)
= VYnez, ¢ ] n(n+/>(n+2>
= Vrez, ?keZ n(nw (n+2.) é/<
Provf | |
Consier: an mspeah%@( 7917‘@6# no |
First, 1 will show- *Hm‘ 7101+/>(i7+.>,) 75 d/?/m%/e/ /;y 2.
Gsed: nisewen.
n=2X ﬁ;r Samz Wﬁ\?gel‘ »( |
n(n+/)[n+2) :Q}x (2 +/) (2x+.>,) |
N0+ Lnt2). I dMSJE& bg 2 ,bemase /X(zx+/)(2)<+2) 3
(ase 2 n 5 ada/ I e el
N= 2+ ﬁr JOﬁL& M@#&
n(n+;> (0+2) = (@x+D (2%+2) (2)<+5)* zx+/>z(x+/>(zx+3)
- f~2(zx+1>(x+l5(2><+3>
h(n+/)m+2) s dwsible bg Z bamasz (2X+>(x+f>(2><+3)
| 75 an Wege?\

(wrﬁmaed m ﬁe next pag€>



Prowf (continued )
Next-, 1 Wil shoo- that nin+D>(n+2) Is dwistble by 3.
(ose 1 ;. 0=3x for some Mteger K.
NN+1)(n+2) = 2 (3+D (342
NN (nt2) ks d?w%?ﬁe by 3 S/me X(B)f-f/) (3%12) /3
| | | L an yreqel™.
case 2 N= 57s+ “FprSo*me w@erw
DD+ 2) = (sx+z>(3m>(3x+s> 5(3><+/>(5><+2>(><+/>
nn+D (nt2) s ms\b/@bg 3 S/)?Ce_ (3x+/>(5’>$+))(x+/) )5
I I O ‘Mﬂ@@*‘
wse 3. 7= 37(+21%r8‘?me f)ﬂeger»éz |
N+ (1+2) = (3>f+2>(3x+3> (ax+4> é(ax+2>(x+/> (37«*4).
]70?+/)(n+z) /s dhﬂts/‘b/e I;y 3 5/)76& (5X+2)(X+/>{57S+4) /5
| I I T A e dn‘/)Ung//\

] ! ;

| | | |
11 1 ]

! { | ] !

| { | ! |
| |

T T

Smce )7(/?+I)(n+3) 73 dd/zklia/cbg Zﬁﬂo/ 3 214 ?%ﬂ5+ 2;(

dnisthe. Jyg é B N N T ; i




Thearem - For cny faeger 1. 4+ n+D) = 3n* & o pertect spuate

In predicate logic - \/nez %ﬁ%wre ( 4[/72+n+/) 5/)")

= VneZ, Ekez 4(n%m+/) Sn r-"kl

Proof:

(onsider an ansPecﬁ‘}‘ea[’ ﬁﬂ%ge/*/) I
4(n +n+/) 30> 4ﬂ+4n+4 8/)2‘?-:, )7*4%4;7—,44

““(/)+29b‘ i ]

77ms4( n2+n+/) 307 5. a J)m"za“ l&gzwe becaase_f

l

i E
|

$

l

| { i
(ﬁ+2) )5 a/z Wegel‘ I O T O T
1 i : ' é i |
[ | ' i i | | { } !
& { | ' | ‘ | ‘ i 5 i ‘
ED . : — | . T RS SR Ai ,;A : l'
{ | : ’ l { [ ! ]
1‘ ‘i ' f ’ { ! g :
| | { N | 1 [ !4 4 A | - -
‘ ‘ { ! |
| | I T O N T
- | I — R S N S— N S
N : [ N
e | ] | |
. T. R S ! ‘ — 7
| | l |
B IR R R B S % | 1 ?
‘ | | | | !
. | | |
. . | | - N — I . _— I_ ;.'-, . |
| ] | 7 |
: ' i : i f ! | :
| e - . . 4 . ‘_j_, ,._i : ‘
| ! I T |
! 1 { | ; | >
! . ! § i !
{ s i : ;
s e 1 N - - :
? ; t } i ? f !
| ! ! ! % | % f
e 1 -
; t ! | | | |
| | | | |
| T 1T t ‘1’
| | | |
1 ( i
t - 1
: | [
j 1 {
] |



Theorem 1« For any Inegel 1, Nzl Hhen en'+2n+8 <én.

Vne 2 nzl — grvaon+& < ign™.
/\/\/—W\/\/_\_/\/—\/.\/\_/\/\/\

S)Cﬂl‘h_’/r onk
CC+ 20+ 9 < 61 j€n=> 2n<on> v
oN+S <L Y= 0= lon™ 1€N = [<n* = §< 8>
wN+8 < on?+ 890~ A_A

n<2om 7 §<8m 7
NS — e N ———— T T T e e T e~
Q Trwof - Consider an nspecified integer 1. Asuome shat n=1.
We wart 15 prove Yhat 6T+ 2n+§ <lén® )s e
To do this, we need to shoaw that 20+8 < fon” js e . Then
addmg &> on both Sides. we get (e 2n+ & <I6n*

Since 1N, mulriplyhg 2n on both sides, e have 2n <20 @
because 2n s postiie.

Sinte 1<n, Wwe hae Jhat 1< Mulkplyhg & en both sites,
e get <&M @)

Adding © and ©, we have N+ <2+ 8M=10r , Lwhich

5 what we waited fo prve.
KRED.

Be sure to check out two alternative proofs of this theorem on the next page!


Be sure to check out two alternative proofs of this theorem on the next page!


Therem 1 : R any ieger 1, ¥ 02, e én+ont§ <
VneZ, nz| — ér+on+8 <ibn™.

& Prof: Cmsider an unspecitied frteger . Assume that N> (.
Since W=, mukiplyg 2n on both sides. we get
20N O lecause s posiive..
Since N1, e ki that 121, Mukiplyhg by & en both sides
we hae St 2§ &

Addng © and €, e have 24817 2N+E.
/on2>/2/7+8

Add 6 2y both sides, we get
i+ &2 2 2n+8+ 60"
[T 2 T+ 2n+8
RED

& Wt Consider an unspecified Trteger 0. Assume Hat n>).
left hard side ot e mequality &

ar+2on+ 8
< o+ 3 20 <2on” because N>
< 4N+ 2m 8N 8<8n blecause n=1
< én;f or +8m Sn< &> because n = .
= (M

which is egual 1o Hhe righe hardl side of he heguality
QRED.



=

Theorem 2= Tor any peger p, + nz2, then émt2n+8 <n*
VNE€Z, n22—> ¢pton+§ <™

fioot = Consider an wunspecited Tieger N Asune that N2 2
The lefpard side of +he Thequality AY

N +2n + &
S+ + & on < 1w because n>2 .
< 4T+ 0+ 4n 8 <4n bauuse N=2.
< é/r? nw+ 2, 4n<our becase P22
= 9

. gﬁfc/l s agual s rght=had side 5 e Mepality .
NED



Stiateqies b puve an pequaliy .
for exemple : ~ nelN, n220—> lon<1T.
@ Start from e sile |, 1ranstirm e expresion wnkil ¥ becomes
the other Side.
I you start fom e saller side, Yo are allwed 1o make
the expressivn bigger bt nat- smalfer™ .

JHS = Jon < 20n <n° = RHS

A X
1020 20</
& Sturt from an hequality . Mudtiply or add e same. epression
en both Sides unhl 1t becomes the desired! Thegualify.

Since N=20, we knaw that N=)o.
Multiply n on both sides, +he direciivn of “he hequality dees
not change . Thus, n*=Z1on. o Jon <n.

Beware, the theguality changes directiin i you mudhiply i by a
neqative ijzi o brth Sides Y

& An invlid way 7 prve an heguality |
Povf = Consider- an - unspecitted  natural number ).
Assume Fhat N=20.
jon < n>
Duide by n on Forh sides, we haxe
[0€N
This is e because (e assiumed that 12 20.
RED.



Theorem = VnelN, n=z20—> lon<n”

An aled provf’ -

Froof - Consider an unspecified. natwal number- 7).
Asume hat- N Z20.

lon < nmr*
Divide by n on both sies , we have
[0 < n

This s e because we assumed Hhat- 71 > 20,
(KED.

What's wrong (oith s prof 2

- 152 ity daon NN, We arke Gssimby Hhat Tt 53 dne st
povthg #hat- it s e

— We are allwed 5 dvide By n o borh shdes because N1 5 pesifie

— The directim of e hegality doesrt change beause n 5 psHive.

This prvf &5 yhg o amk backwards fom Fhe . conclusin.

This 5 completely udid scratch werk, bt not an acepiable ot -

A rensed and valhd prot

Pt (onsider an - ungpecitied  notwal number- .
Assume thet 1220, Thus, Wwe have
osn (bauwse 1 220)
pn< > (hecasse N is positive)
QED.



Povihg @ Statement with mixed quantifters

Theorem = Every even Square. can be 1o
i W&w‘éﬂ/& oot s 6?‘8/1 as the sum o

In pedicate legic = Vxe N, Even(x) N Square ()~ Sumlf Tuvlans CUA%).

Een(X): dae/, X=2a. Sguare(x): beZ x=5
Sum OF Two Cons Odd (X) - ﬂceZ@, X= (zc,/)+(2c'+/) =4c.

Theorem : VXEN, (HaeZ, x=20)N(Tbe Z, x=F)
—> (Je€Z, X=4c¢).

Poof: Consider an unspecified netwal number x
Assume That X is an evenl sQuare.
We nead o show Hhat X can e written as the sum af wo
Consecutive  odd Miegers . (e need 70 choose C S0 7‘26413
X=4C.
X s o Squore . So X=b" for Some mtmer~b.
We will Shao Hhat 3F b7 is even, Pen b K even. e prove the
ComTaposHive, : # bis odd, hen b is odd.
A<cume. Jhat b is odd . Then b= 2k+| 1or-an Mteget- K.
L oK) = 4l 4kt] = 2(2K+ 2K+
12 s odd because 2K°+2k 75 an Hieger=

= bk ewen, so b ks even. Let b=2j for annegel .
K= b"=(23Y =47"

se C=7".
Chw«e; 447 =4C =(2¢—-I)+(2c+1)

Thus, X can be Wriiten ds e sum of Hwo consecutve cdd
htegers -

GED



Frovihg a Statement 1oith mixed quantitiers.
Theorem : Yxeph, AYeB, VzeC, Px,Y,2)—> QX Y,2).

Write. as much of the proof as posstble without knowing #he
sets A, B and C, and the predicates P and & . Wheneber
you choose @ specific value for @ variable, specify what (€
anything ) This choice can depend on.

Froof-: Consider an unspecified  element x of A
Chase Y o pe an element of B. This choice can aepend
en the value of A
Consider an unspecified element # of C .
Assume that P(X, Y, 2) is True.

Therefore. QUX,Y,32) is Tre.
KED

Some useful tips:

- I a arfable s edistentiolly quantified, we get to chopse #s laly
— I a variable s universplly” quanttfied, We Catnet chepse

Fs vplue . We meed o pick an_unspecitied _element ot

s 0£mam.

- For a Statement With Multiple ﬁ[mm’%%/s, we heed 1o
Oorisider e variables fom jefe o right I order.

— Whenesel we chase a vdue for an eistentinlly quantitied
variable, OUr choice can depend on the volues of- alf
varteble - 1S _left 72{7&0/ ess of whethelr~ the previsus
Variables ore wriversally” of existentinlly quantitied |




o Convert vhe DFA # a sequentinl cirault .

SO T %

D Fiip-iops)
@F@>mmgwgzﬁ@7th7¢@Mt“Uﬁe&wa?
| bit can repiesent up o 2'=2 Sties.
2 bit can represent_up o 2°=4 Sties .
We nead 2 bits (D flip-Flops) .

& How many bits do we need o repesent all possible nputs?
Thete are 2 possible nputs 0 and .
We peed ) bitr (2'=2)

® Desfgn The  Next-state  cirourts .
Let's repsent So, ), S2 by €0, 0l and 10 (in binagyd,

Cuent Swte | I S
b T | e | Next State

O 0 l O D }b"—'O’ by = ihput
0 l 0 ] © — _

( 0 0 / 0 . =

| D I ), § by =n~irput, =0

@ Design The cirewit producing Fhe owdvut- .
Cutent  State | Output- The sudpet Should be true when
b bo the current State is Sz (10) .
0 0 0 (the accepting SH®)
T 1
/

I




Convert the DFA 4 a Sequerndial - cirewlt

Input L1 : |
'
maa N
bo ;_10( | (< ﬁ b
0
Tnput L1

0D
Ol MUX b,

by : the left bit of the state

o

accept



The Sogpenttal - Circurt for Banch Pediction
(input) /

Current State |Is he. banch | Next Sinte
Confidence.  Prediction | Token ? " o
; : ’ 0 | hed = e
: ' 0 ’ 0| tonf =
v I ’ 1 [ Pred = put
' 0 0 [ 0 Conf = ~ nput
| 4 ( 0 0 Pred = 0
| | ¢ 0 [ Conf = input
| : I ’ / Pred = |
(s the banch Taken?)
nput |
L1
| L
| —4 N
o] () | i
' Stede 0
Toels 72 O Bodicin
|
/ 0 ‘;:ii lork. YL
| Current Stode.

The ‘nett - state”  circudts : |
. The next state. W the current Statte s 00,
: The next Stede i the current State. is Ol .
. The next State X the cument state js 0.
- The rext simte H--the current state s ).




Understanding haw a D tlip-fbp works

B | med Lo
L__\ (L miclel le «—@l M‘Pbd'
o : Value 0
value
N 0 0
clock

When clock =0, Mux @ Js open. Middle value = new Value

Mux ®

S

osed

neuw-
Value

!

l

clock.

When clock =1, MuX@ is closed.
MUX® s

pen.  output = middle value



Suppose. cwtent state i3 (orfidence =) fredictin = 0

Conbidence | Predictn Confidence Predic Hiom

0 0 0 [ 0
0 0 [ / /
New- predicton = input -
New- confidence = |
Inpuct I v0>—— Next State

[
™ new eonfedence .

Suppose cwrrent™ siate & (ponfdence = Pedictim = |

Confidence  Prediction Confidence  Predicton
0 ( 0 [ 0
0 ( { [ (
New prediction = input
New- confidence = 4
Cireurt diagram Aty woherm




Suppose curtent state. s Confrdence. = | Hedietin = 0

Cwrent State Tnput Next- Siate.
Confidence.  Predictim Confrdence. Prediction
[ 0 0 [ 0
( 0 ( , 0,
New prediction = O
New: confrdence =~ nput--
Circart: diagran - ;> Tew> predlctiom
Input /\w@__— Next State
'S neur confrdence
Swppose curent stde. s (onfidence = | Hedictim = (.
Confidence  Prediction Conficlence Precictam
[ [ 0 0 [
[ ( [ [ (
Now predictin = |
New- confidence = Input -
Circuit diagmam : / > e et

Topi —)




Desiyn a DFA which acepts any strng of bits which
ends with 01,

The DFD only needs 1o keep 7ack of e st 2 B of tha st |

So we hage 4 States |, cortesponding 1o the [ast 2 bits
beirg. 00, 01, 10, I,
ﬂex-tbf)fseen

cuttent  State Input next State
S 0 0 0 o 0 >
S5 D D ’ 0 | S
ss o | 0 I 0 S2
S 0 | B ’ - '/ - ’ Sz
S | 0 0 o 0 So
S2 | 0 I 0 [ S
ss )| 0 | O S
S || N / I Sz

s1 cannot be the initial state
because the empty string
should not be accepted.

s0 or s2 cannot be the initial
state because the string “1”
should not be accepted.

Therefore, the initial state
has to be s3.



s1 cannot be the initial state
because the empty string
should not be accepted.

s0 or s2 cannot be the initial state because the string “1” should not be accepted.

Therefore, the initial state
has to be s3.


Designing @ DFA  (continued )

771e 4-State DFA e deg/\gned’ 7S egah/a/e/rz“ 7 the
3—state DFA  below-.




A Fun Induction Example

Given any_string ot bits, the DFA Wil yead he bits tom
left 1o Yight .

Theorem - 77)e DFA %ug n S/afev\aﬁ‘ermad;}g Striny <

of and only BeZ2, S=53+ 71
Proof » We prve the theorem by inductim on Fhe_fength 1 o
the String S

Bose awe: M=|. Thete are 2 posible strings with | bit
If s="0" +he DFA should end in State O 7 aes .
HS="1" the DFA shoud erd h stae | and it abes |

Inductim Step :
Consider- an wlspech‘/\ec/ Mreget )2> "
JInducton  hypothesis :
Assume Jhat 7‘/)6 DFA Lehaves conent anY s
We need 7o showr m‘r#he DFA izbaues cm Y

for any_String WHh M+

Considet— &_String of (h+1) bits - bbzb:} ~bnbory.

that after- reading Jhe Fizt - bn,
7'/;%6/34 e/m'eup)hswgei\ 2 bifs. bbby

By oui nduciin hypothesis, H must be that-
biby by =58+7 Ror-some eger 4,

oith 1 bik




A Fun Induciion Example
,) ot (Continu ed)
yia 7‘/ze DIA reas e next b bowi, what State <howdd ¥
end up I (which . depends on 1) 7

I b=
bib - bnO —adding a zem 1o the. right &5 multiplymg he.
= 2% b,bz - by b//mfg number- by 2
| 7’2%‘ (é‘% P - by our Mductim~ hypothesis
0%+ 21

wwsue by 5 The next state should be the. remainder- when
We diide 2r- by 5.

IHI

. I b=
~ bb- bl
- x bbs - by +
E (SR + ] -» W owt thductm hypothesis .
. =gt 2r+l
LAisive byS The next State should be he remainder when
=- we czm!e or+l by & |
N\ stote | <8+at¢ | |
I b | or | retsiate| | by | 2r+ ] | Text state |
0 0 0 o | (0] I / (
! 0 2 2 [ ] 3 3
2|0 | 4 4 2. /] & 0
210 | 6 / 12111 ¥ 2
4 10 8 3 411 9 <+
 The DFA shoudd behave accord o ables.
Al wereed 1y dop B Veﬂfgmg/tdf 7T abes | 25D
L NOTE : The Mductin step shaos sS ue woldd haye
L lowed 10 design /‘s DFA gm ol Yo a( be able <o
desigp o DFA “Whi ang hreger at 15 duisible by

lc or any 7h1€gér' 7 J
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Tnduction Define Prn) = gf: >
N
Theorem : Vne 27, Z;Y\zﬂg_;lz
= VneZz*, Pin) = PO PIAPEN ~~

Poof @ : Bwse ase : P) s e,
Induction step: P> = PN PL)—> PN A >PRD A -

73 77Z(€
Is proof @ valid > Yes. §
The N=1 case s covered by vhe base case.  The oter cases
N=2,3, ... we covered by combining the base ase with the

ndaction step.

Poof @ : Base ases: RD and P> are rue .
Induction step: PD—=> DA PB)D PAOA ---- 75 True.

Is poof @ vald 7 Jes.
The n=1,2 ases are covered by 7he base cases The othel~
ases N=3,4, - are coveled by ambniy the hwe cases
WHh The Iductitn Step.

Provt 3 - :?ase e - P Is e

ductin siep = R P3) N 3 — PO N ---/5 True.

Is povf @ walid 7 No,
We never prwved that Prz) 5 e

LWW do we need 73 plove n the nduction  step 2
n ;
Vi Ynez?, (Zz 2D, 55—

=0

= (Pu) - P(z>)/\ (P(2) = PEINP(B) —> P(4>)/\
X (b (Vﬂéz gzzﬂﬁz"L)——)(\/neZ , ;1 _-,-L”i’{..’l) .

= (PAON PR NPEBN ) > (PN PEAPEA--)
H we assume his 3 e, we already assumed that the. theorem Ts Tue.

y



Inductipn ( geometric Seties)

N 5't+ '___ ’

T
Theorem 2 yten, 2L_s' =25

Provf: We prve he —/heorem by ducton. on .
bse e ! =0 P PR ]

Induction gt B g
We needg;gppmve tat VteN, igl -| 5;5’~§\_(
Consider an unspecified nedural rumbel T o
Assume that 52\:___5:'_'—(’ O L04gle - 434 gt = i\_L

7=0 H 5 gt (hducton /Lgpaﬂ; ési)
We need v shay “that ggv_ .
_(5o+5p - 51—1+51>F5t+1
1‘-0
— Zg‘l + ot
=0 -
= 5’:"—' + &t by o nduction  hypothesls
= =
_ S5t
= S|
_ 5't‘f2._ ’
T 5
QED



nm—)

Tnduction Define Pon) = gf: >
7
. + N 77(/7—/)
Theorem = WYnezt, 2 2=-1470

1=0

= Vnezt, Pin) = PN PIAPEN ~~

Poof @+ Bse ase : P) s #ue.
Induction sfep PO = PN PCY—> PN B >RDA -

7724
Is proof @ vValid ?  Yes. 7 e
The N=1 case ks covered by the base case. The other cases
N=2,3, .. we covered by combining e base ase with e
induction step

Poof @ - Buse wses: KD and P2 are drue.
Induction step: PD—> DA P PN -~ 75 True.

Is poof @ valrd 7 Ves .
The n=1,2 ases are covered e base (szs The othel
ases N= 3,4, - are coveled combih g He hwse ase
WHA  The Wauction step.

Povf @ : Bose cwe : FD s e
Induction step = R2Y—> F3) N K3 —> PO N -~ s True.

Is prvf (3 walid ? NO
We never prwed that Pr2) & e

What do we neec/ ’/D prove m Jhe nductivn step >
| o
Vi Ynez”, (Zz =17 Zizmﬂ;—)n

=0

= (Pu) > P(2>)/\ (P(2> = PEIN(PB) - P(4>)/\
Xcby (Wnez® =) —( ez’ I 1= ’>”>

= (PN PR NPBN ) > (PN PN PAOA---)
H we assume his s e, Loe a/readg assumed “that the theorem s 1hue.




Induction
Theorem 2 - \/n=4, 2"<n!

Froof = e prove his Theorem DY Indluction on 7.

Case. : Y)-’—"f
2% =16 4] =4a3%2x| =24 2%z 4]

Induction : ;
We need 15 prove that Ynz#, 2"<n! —> 2M<(n+1)]

Consider an unspecified ndeqer N=4.
Assume that 27<n! ( %dacﬁbn hﬂpaﬂ/rems)
We need 5 show that 2™ <n+D1
2™ = 95 of
<2xnl byour jnduction hypothesis.

< (n+1)>nl  because nz4 so n+l1z25>2.
= n+1)!

QED

Another version of the  induction step

We teed > pve that Ynz& | M <m-pl — 2"<n!

Consider an unspecified nteger Nz S
Assume hat 2"86 <(n-! %ducﬁan hypothesis )

We need 1o show that 2"< n!

2)1 =92 a 2)’)——'
<24+ (n-D! by our hcucttnm hypothesis

< n;*(n—z).’ becayse Nz5>2
= N!

RED



Tnduction
n
Theorem 4 : Vnzl J Sz<2-4

Provf : We prove his -theorem by Mduction on 7.

5=
Induction ste n N+
We necd o prove theat- 0=l :./;'3%52'7%% 12:_{;%627';,7.

Consider~ an  unspecified meger 121,
Inductim hypothesis :  assume +hat Z‘;Lf <2-1L

2=
We need v show that i“‘I\Z L

+ ’
Z/{ (,_1 2 s "J_i (ﬂ_H)z.

1 )

Z > Ty
=

(< 2——%,— + Lo by au induction hypoihesis.

| (n+)*
wed ot | — -r=n—I
N>
st | — ;2 + —mr—=n - I A
O nn+* nn+)*

i — 2-.’ ]
| g 2+7=0 becouse —Lt—=>0p

namN* nn-+)

KRED



Induction
n
_n’?emwn, 4. Yn=l, Z‘:}E <2-+L
=]
Sctatch work

After a,bp/g hg “he nductim hypothesis, 1 need 1 shy,
that 2—t+t Lo < 9-F Hoodo I pove s >

(M/)
J_ R
R=F+ s <X— 75

n n+H* = nt|
=N o =N +)
nan+N* T N

- "2’7“/ + n < - nl— n
nen+x S nn+i )y
—n*-n—-| __—=n’-n
N nn+*> T i+
nin+)* nn+* — ndnHY?

hen 1 orot
thnnumzbaefse Cbu;)e’l e @aanfh’?fs h the m/ef’SPZCfﬁfdbg

A ]
—T7 T ey
— ol i (|
nn+)*
-n=n _
nin+n* nin+n*
...)71_]7
nin+y*
/

ntl

I

A

Il




Lnducspm
Theorem 3, Vnz4, 2"<nl

Foof - e prove the theorem by duction.
8088 case ;o =4 ~--.

Incluctin . Consider~ on wnspacized meger N2l
Asswne?sz” <n! ( 7hdacﬁb€vmﬁgppfﬁeg&)
We neel 2o show that 27 < (ritd!

First, lets do some scrateh work 7> fgue out- haw o Prve 1hy
B O o < peiyd

2*2" < (nH1) =n!
AT need 1o show are 2 <(n+1) and 2"< n! ‘
2 (nt1) means 7> |, 1his s e because we knaw n2d

-~ 27"<nl s Jve because we asumed s Hue n our Mductiv!’
Ho., We are clame . hypethess -

Version @ 2™ < (n+0)! Jet's divide by 2 on both sidles
2" < z(ntD!  Lets sepajabe 0! o e yht-hand Side
2" < Lntn > n!
All 1 need 1 show are ) <4(nt)) and 2"<n!
/<240 =5 2<N+1 > n>[ trye because n>4.
27<n! s dme by owr haluctivn hypothesis ’
We. agre olme .

Plesse see ihe next page for Y vemions o e proper- ot LD



- Woper Witteups for the Thductin step.
 Versien 4 - (write our suatch work /h reverse)
27<nl s e bg ol hductivn }zgpm‘ﬁesis.

| < 2(n+1) because 7)>4Y

Muhiplyimg hs Iwo hequaliies , e pave
"8 2"« 77.’*5‘(%/)

2"< L tn+D=n!
20<+ (n+)) !
2" < intn )

Version 2 : (start fom -the lef—hand sMle ot the iheguality and
transtorm 1t or make M- bigger unttl we get o e
right—hand shde.)

oLl =2*2"5 250! Ln+1)x ! = (n+D!

H D s by our Mductim hypothesis .
G is begmase N2A4 so }olrg+/>>2. |

- Versitn 3: (another way of writing version 2

M =%
2+2" < 2% pn! by gur nductin hypothesls
20l <) *n! because N=Y

-~ wdEnl = (4D !
_j Version 4 = (yet another woy of WITHNg versims 2 and 3)

2n+/ = 9 *271 |
< 2% nl by our wduction  hypothesis
< (n+) * n! becouse NM24

= (N+))!

Tuhiplying by 2 on both Sites .




